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Abstract: This paper explores a broader class of piecewise
linear functions, extending their applicability beyond
conventional domains. Piecewise linear functions are
typically defined on closed convex domains, but this work
introduces a more versatile set of maps known as SW(E m
,T). These maps are linear only on selected subsets of vectors
and components, making them suitable for a wider range of
applications.

The paper establishes an exponential function, F, which
maps linear spaces to the set SW(E m,T). It rigorously proves
the uniqueness and existence of a universal element, denoted
as *, within this framework. Furthermore, the paper
introduces r-subset wise linear skew symmetric maps
denoted as @ = ¥ Auve, demonstrating that they can be fully
characterized by their values for Auv and a basis of E.

The concept of an r-determinant function is introduced,
defined as an r-subset wise linear skew symmetric map ®@: E
m — I, with I" being an arbitrary field of characteristic o.
The paper delves into various properties of r-determinant
maps, shedding light on their characteristics and utility.
Additionally, the paper explores the adjoint of a linear map
y € L(E,F), where E and F represent linear spaces. It also
discusses the development of an r-determinant function
using r-cofactors.

Furthermore, this work defines extensions of differential
forms through r-subset wise skew symmetric maps, paving
the way for generalized differential forms. The paper
investigates the basis and spaces of these generalized
differential forms.

Keywords: piecewise linear functions, SW(E m ,T),
exponential function, r-subset wise linear skew symmetric
maps, r-determinant function, adjoint, differential forms,
generalized differential forms.

Introduction

Piecewise linear functions are useful in
several different contexts, piecewise
linear manifolds, computer science or
convex analysis are examples. A
definition of a piecewise linear function
is the following, see [8]. Let C a closed
convex domain in[19, a function [1:C
LI is said to be piecewise linear if
there is a finite family Q of closed
domains such that C = [1Q and U is
linear on every domain in Q . A linear
function [] on [9 which coincides with
[l on some Q; L1Q is said to be a
component of [1. In this paper is
considered a more general class of
piecewise linear functions. It is defined
the set of maps SW(E ™ ,T) which are
linear only on a subset of " vectors and
components.

Then an exponential function F is
defined from linear spaces to the set
SWI(E m,T). It is proved the uniqueness
and existence of a function * as
universal element for the function F. It
is defined a r-subset wise linear skew
symmetric (1 = OO, OoP0O map
and it is proved that this is completely
determined by its values for o™ and on
a basis of E . A r-determinant function
is defined as a r-subset wise linear skew

symmetric map [ : Em[1[], where
U is an arbitrary field of characteristic 0. Some properties of r-determinant maps are considered. It is
defined the adjoint for a linear map [LI[1L(E,F), where E and F are linear spaces, and the development
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of a r-determinant function by r- cofactors. Extensions of differential forms are defined by r-subset wise
skew symmetric maps. Basis and spaces of generalized differential forms are studied.
2. R-Subset wise Linear Mappings
Some properties of linear functions are extended to mappings which are linear only on subsets of r
variables. [] Denotes an arbitrarily chosen field such thatcharll] =o.
The multindex !, of lenght” is defined by
Im :{(il,D,ir): 10 n< <0< Tl}
Besides, for a fixed natural k

(I )= {(1,1,1p, 00,5 ):100 i <U< ip = k <00 i U n, where1ld k [ n}

for the indices j1,[1, jx LIk
Im)jo; ={G,0,,,0,p,0,) :
1 k 1 k
10 a<O< ip=j1<O< ip=jx <00 i O n}
1 k
Let {¢o} be a basis of an n-dimensional vector space E and let xU = [1[1"=1xgHeq be vectors of E , n (1.
Definition 2.1Let L(E",T) be the space of linear mappings of E into the vector space T . Consider a

mapping
ad:. EmQT
L]

OO (e, Oxem) BEO0O00ROMoPen,H,xoBren) 10 r O n,a r O m, 0ot OO

oo 0,0

Where the sum is over every system of indices [1= 1,1, 6™, U =0, 0,00 LG . If n=m then 7 <
n=m_The sum (xoPieo LILIL] xolien) is denoted in short by xoUien, and [: E " [T is an r-linear
mapping.

1 1 r r

Then U is said to be r-linear with respect to the r-subsets of vectors and components, that is, an r-
subsetwise linear mapping. The linear mappings L] are the components of 1.

Example 2.1 The function L1:[1:02 [1[1] defined by

LI(x, y) = 2x [13y is an 1-subsetwise linear function.

s /
-100
0

Graph of the function @ . (Obtained by Mathematica).

Example 2.2 The map [ :([12)3 L 202 defined by
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Clx x12 Cx13 Cxig O

Ol (11, x21),(x12, x22 ),(x13, 1300x1 230x1 OO0 x5 0
x23)]=01200x1121 1 2 0000
O OO000 OO000

L 0x21 L 0x22
x22 1 [ X23 O O
is an 2-subsetwise linear map.
Example 2.3 Let /1,[1, /r be a linearly independent set of the space L(E ",T) , a r-subsetwise linear
map is defined by
O, 0xm ) = OOOOC AGOOeNO f2o (xU0O2 eHOOFUOOON
O0Ore))
O,
Theorem 2.1 An r-subsetwise linear mapping U, with r < m, is not linear Proof. For any r-subsetwise
linear mapping L1, r < m,

0 (oen, O, xt Uyi, U xem)=00O0 00O 0O O1ed, O x O el 1,0, x00 r el])
OOO00d0GOOed, O,y e, L x O 0r eld)
0,0 O,

O O3 (e, i, L ,00m )OI T (201, yi, T, xm)

In the first sum on the right side [1= [1y,[1,7,[1,[1- 11 »m. Unlike, in the second sum
0= d,,0,,0,0,. 0 )i, so this sum cannot be [Ll(x1,, yi,[l,xm ). O
As a special case, if r=m then [ is linear.
If t :T [ H is linear and [ is r-swlin (subsetwise linear) map, then

t =t(00c20) = 0ot
and t[] is a r-swlin map.
By the set SW(E m,T) of the r-swlin maps, the following exponential functor F, from linear spaces to
sets, is defined by
F(T) =SW(Em,T) for any linear space T
OF(t): F(T) O F(H)
L] for any linear t:T L H

oF(t):o000t®
Theorem 2.2 For any r-swlin mapping L1 : En[] H there exists a unique linear mapping f: EL1LIL1E
Ul H such that

f O OO xm) = L, ,0m )
That is, the mapping [1: E m [T is an universal element for the functor F.
Proof. The proof generalizes to swlin maps the classical proof of universality of the tensor product, see
[4], [6].
Uniqueness. Suppose that [1: E™m [T and ~[] : En [17~ are universal elements for the functor F, then,
there exist linear maps

f:TUTandg:TUT
suchthat
f (1 OOOxm ) = x1tand ~gCa UOO~0xm) =x1
~UO~0 xm O0O0xm
thatis

gf . OO xm) = OO0 and  ~ fgaa OO~ xm ) = x1
Xm ~UO~Oxm
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by the universality of [ and [ it follows, respectively
1T=g00f and 17T~=f00g
thus fand g are inverse linear isomorphisms.
Existence: Consider the free vector space C(E ") generated by the space E". Denote by N(E ) the
subspace of
C(E ) spanned by the vectors

(x001e01,00,001 y1 02 y2,00, xU0r e0d) O0O1(:00 10,0, y1,00, x0 r eld)
002 (OO 1ed,Hy2,00, xU 0 r el1)

for L= ., 0,0 O, O =0, 0,0, 06, O; OO0 and xotreo, yi, y= LIET.

Set S=C(E™)/N(E")and let L1:C(E ) [ S be the canonical projection. Define the map

. EmS
[l (o1,,xm )
O0: O0O0O000COO1ed,0,xH0r
OO0 ed)

O,0

Since [ is a homomorphism, it follows that [] is an r-swlin map.
If z[1S, then it is a finite sum

z =100 OOOOGHO1e,0x00 reld))
0 01,0
= 105 o OO 0Oxm) o

m

so L1z[1S, zis spanned by the products x; LI xm and Im L = S .

Moreover let [1:E" [ H be a r-linear map. Since C(E ") is a free vector space, there exists an unique
linear map g such that the following diagram commutes

j

E > C(E")
\,
R

WV l

. |

.
Y
H

where j is the insertion of Erin C(E ") . So
g0 1e], 0, x000r e1) =0 (e H1eld, L x L0 r eld)

It
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z = (xO0O 1e0d,0,01 y1 002 y2 ,00, xOC0Or eH)OO1(xC01e, 0, y1,HxC00 7 eld) 02
(xU1ed,Hy2,,xC00r el)

Is a generator of N(E ) , then

g(z) =U(2) =0CUO 1ed,0,01y1 002 y2,0xO0Ore DO 1O (xH H1eld, O, y1,0x0 reld)
OO20Gc0001e,Oy2,H,xCI0r el 1)
=0

then N(E ) [ Kerg . For the principal theorem on factor spaces, see [5], there exists an unique linear
map
fsuch that the following diagram commutes

C(E") R > S
‘(N' ./‘

¥ Y

H

that is, [ is an universal element. So

(OO, 0xm) =f(OO0cPO(xoPeq,U, xoP ren))

1,0
= O0O000fO0OO1e0d,0,x00 reld)
1,0
= 00O 0g(O0O1ed,H x00 reld)
1,0
= O0O0000GCOOed,0,xO00 reld)
1,0
= O(x1,0,xm)
Example 2.4 Consider the 2-swlin function [ defined by m
OO . (d2)sdd (12
] 12 13 23 ,[113,0123

OO s (Ger, x2, x3) LI (e, x2) D0 (er, x3) TI0ET (02, x3) N

where the bilinear function ([1,[1), on the right side, is the inner product in [12. By the theorem 2.2,
the map [1:(0J2)3 O [12 [12 LJ[2 is universal, so an unique linear function f:[12 L1012 [z [ [
exists such that f (x: Uxz Lxs) = L (x,x2 ,x3). Since [12 112 [1[]2 is free, the function fis determined
by its values f (*: [1 x> [1 x3) on the free generators x; [ 1%, [1x3.
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Corollary 2.1 For any r-swlinmap U1 : Em T

O(x1,0,xm ) = OOO0GOO1ed OO0 xO0 reld)
O,

O O O O
Proof. Since U(xoten,,xo"en) = xoteo LILIL] xo"eo, by the theorem 2.2

010, Hyem) = (TG, Hyxem) = f (O 0OoH(xxoHen OO xoHren)

b

Example 2.5 Let U :(LI7 )T be a 2-swlin map. The tensor product L1:[1n L1007 [] M nHr is defined
by xi 1 xi= xixi, xi 0", see [4], then [1:(Ln)» [ Cl» IO is given by
1 2 1 2

x1 O0O0Oxn = O O(i1,12 ) xi1 O x 12

(1,0)Orr

12 2
O O B(11,12) x11 x1 OO0 B(i1,12 )xti xni o O
O 1 2 1 2

U (i1,i2 )DIzn (il,i2)|:|.[2n U
=0 0O O O O

OO0, Oi2) I'nld(@1,12) xni1 xie 01, 0i2)I2nl(11,i2) xni1 xni2 Qoo O
)

3.{r,1}- determinant

If is a permutation, [1L1S;, then the mapping LILI:LI"LF is
defined by

L0 (e, U ) =0 (xo,0,x0) . More generally

1 r

Definition 3.1 Let [1(x1,[1,xm ) be an r-swlin map, for any permutation L111S,, the mapping L1011 :
Em[T, s

defined by

OO, H,xm ) = OOO0000O01ed,O,xO0r el]) =
OOO000OOC)ed, HxO00E r) el)
0,0 O,

Definition 3.2 An r-swlin map U(x1,[,xm ) is said skewsymmetric if for any L101S: is L =]
where
Uo =1(Lo = U1) for any even (odd) permutation L.

Theorem 3.1 An r-swlin map U = UOoB0 is skewsymmetric if and only if U is skewsymmetric.

Proof.Suppose [

skewsymmetric, then

OO0 = 0000000 Oed, 0 x00r e[) = OOOOO00O0OGOO1ed,d xO0 reld) =L
0,0 0,0

Conversely, L1L1 =gl implies
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OoOodt=doadodo
1,0 0,0
so L0, O Ogb(OOO0O0Ox0) = o for all xo Bteq,[,xobr en, then 1=, o

Theorem 3.2 Every r-swlin map [(x:,,xm ) determines an r-swlinskewsymmetric map L1, given
by
O=00000=000000000H01e0,0, xO0O re)

O 0,00
where the second sum on right side is over all permutations [1[15;.
Proof. For any[1[1S;

OO =000ttt = Do 000 ) = Oo(ddeRdsdn) = OgO.
0,0 O 0,0 O 0,00

O
Theorem 3.3 Let [1 =00, 0O OoB0: E m [ F be an r-swlinskewsymmetric map, then U is
completely determined by its
values on a basis of E and by the constants UoU.

i n i i

Proof. Let {ea} be a basis of E . Let x = [1[1=1xoen, i =1,L1,m be vectors in E and X = (x0) , then
n n

O, O, xm) = O(Oxoten,d,Oxomen)

=1 [O=1

n n

=O00000(OxO001e)d,0,(O0xO00r eE)O) OOIrn, OOIrm

0,0 O=1 O=1

=O0000(0 O0OxO0O1 OxO0 r Oed ,0,e )) OOST

O

00 0=-0,00 1+ Or Oi O
1 r

- 0000 | X00 |O(en,0,en)

1 r

0,0

where XgUH is the square submatrix of X determined by rows indexed by [l and columns indexed by [1.
Example 3.1 Let [ :([13)3 [ [I3 be a 2-swlin skewsymmetric map defined by

Ox x ]

O(x,x,x)= O g1, 2000 1,1 11,j2 0

1 2 3 (i1,02),01 2 2 it,i2 Oxi,j x1 ,J OO
(j,g )drstd 2 1 2 2

3 3 where xi = Llk=1xkex L1 . Then
J>J
LI(x1, x2 , x3 ) = U Oi11,i220(xi1 j1ei1 L xi2 jiei2 , xi1j2 ei1 [ xi2 j2 ei2 )

(i,i2),(j1,j2 )LII23

Oj ,je0xiji xit, j2 O(ei,ei)
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= Cli,1

12 Xx x 1 2

(,0),(j,j)UI3  i2,j1 i2, j2
12 1 2 2

Definition 3.3 Let {¢ao} be a basis of E , then an r-swlinskewsymmetric map UEe (i, U, xm) :Em [0
such that U(eo,l,en) =1, LOUI »n , is said an r-determinant function.

1 r
The scalar det-,0X = L1011, L1 o | XoU | will be said the (r,[1) -determinant of X = (xo?) , relative to
the basis

{ea}. If BoH =| XoU | we denote det- X =| X |-= L, | XaU |2, see [2].

Example 3.2 In order to obtain a non-trivial example of r-determinant function, consider a 2-swlin
Sunction U =0, Oo=0 defined by

O(x1,0,xm ) = OOO0O0eO00O1 xOM1ed 00 0eO0Or x00 relddd

1,00 thatis

OO0 1ed, O x0O0r ed) = OeldO1 xO O1ed O 0 edOr xO0 r el
where {¢0},{eU} are a pair of dual bases in E and EU = L(E) ={f:f: E L1, f linear} respectively,
with dimE = dimEU U r . The bilinear function [1,[] is non-degenerate and it is defined by

OO d OO d
et xUOield =ei(xOield)

then O(x1,0,xm ) = OO O0OO0O0e 1 xO1ed OO0 0eOOr xC0 reld O

1 1 r r
O
O
=00 0xO001 COxOO80 rr
O

The set of the r-swlin maps is denoted by SW(E ™,T). The exponential functor F, from linear spaces to
sets, is defined by

F(T) =SW(Em,T) for any linear space T

OF(t): F(T) O F(H)
L] for any linear t :T L1 H
OF(H: O OOt
The following proposition states the universality of the r-determinant function.
Theorem 3.4 Let L= 0,002 0: Em U0 be an r-determinant function in E , then for any r-
swlinskewsymmetric
mapping 1 = LU OgHO: Em U F, there is an unique vector f L1F such that
0,0, xm) = (HE (e, 0, xm)(f) = OO0 | XoP | o001, OO, xi OE
0,0
where /O are the components of the vector
f=(e1,d,e1r),H,0( 0 OO0 nr OOOO,Oe00000 e OO O))

Cl1

Cl1 r

Ond

1 nand [ are the Lol oo elements of I .
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Proof. Let {ei}, 1 =1,L1,n be a basis of E such that

e (e, O, xm) = OO0 | XoP |O(en,O,en) = OOgY | Xob |

1 r
0,0 0,0
thatis, U(eo,,en) =1.

1 r

Then, for any r-swlin skew symmetric map

LI (e, L, xem) = OO0 | Xob |O = (O G, U, xm))(f)
0,00  itfollows
H(eo,O,en) =0(eo,d,en)d(en,H,en) =100(en,H,en)
1 r 1 r 1 r 1 r
so [1 and [ have the same values on the basis {¢o} and by theorem 3.3 it follows [1 =[] . o

If (g and L't are two r-determinant functions in E , then L1000 g (10O 0O'g, 01,0000, is a r-determinant
function too.

Let [1rbe an r-determinant function in Fand let [1: E [ 1 Fbe a linear mapping of vector spaces, where
dimE = n, dimF =t , then [1o: Em [, defined by

Lo, Uxm) = U p(Ox, O, 0xm ) = O0O00R0r((OxB)o, O, (HxE o)

0,0

is an r-determinant function in E , where [1r: F [ [ is an r-linear mapping on F, L1115, LICIT .
By theorem 3.4, Lo =0 r(f) = Uo,o0o0lo” | XoU| fofor an unique vector f = (fo).

Let [1'F be another nonnullswilin skew symmetric map, then

OF=0F (g =0000 | x00 | gd

0,0,0

and

O'o=0o(g) = (0 r()g) =000 | XoH | fogo = O'r(fo)

so the Vec’t01: fdoes not depend on the choise of [1rand it is determined by the map L1, then the notation
f=det].

Example 3.3 Let [l and 4o be a linear map and its matrix respectively, defined by

L old

O0:0O2003 O O

L] Ao=Uo 1]

L0, y) U0, yxU y) OO 11000

besides let [ 3 : ([13)3 L1 be a 2-determinant function and *; L1112, then

O

Oo =003 (O, Oxe,Haxg) = 200 Coe, D ) O OO (Hx, Oaxeg) O O230 (0 ,Cxs)

2 2 2 2 2 2

=[1200(0Oxi10er ,Oxiz20ed )OO 130(HxirOerd ,HxigUer ) L0230 (0xiz20et ,LxigCer )

i=1 i=1 i=1 i=1 i=1 1i=1

=2 | X 2 |O(Oey,Oe2 )O3 | X 3| (Hey, e )[023 | X 23 | H(Hey,Le2)

x x
yu o 1j
where| X |=.

‘ Since
x2i x 2j
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L(Hes,He2) =01((1,0,1),(0,1,1)) = L12
0 11 11 1 =[h2 [O0Oag

O /[33 Ll
23
then

U0 =012 | X 12 | det2, 100013 | X 13 | det2, 1L 23 | X 23 | det2,[1] = L1013 (det2,[111)
The expression for det[ ] may be obtained immediately by the rr‘atrix 40, see [2]

‘Dﬂ3

(1 oLl
Ll 1 o1 00 1

det2,JAO = det2,000o0 10 ‘ ‘553
L1 1000 11 11 1
Theorem 3.5 Let [1: E L1 F be a linear mapping and Ao = ([1oU) its matrix relative to the bases
{eak,{fa},
U =1,00,n, O =1,L1,t . Let Ur= 0,000 0r: Fm L be an r-determinant function. If Ulr ( fo™1
U, fotBr) =1, then
1)
OO0, O, xm ) = OOOO0N | XOO || AOO ) Odr»m 007 rn 000 r t
0,0 O
ii)
Ho(e,,en) = OOBo | AnP |
0,0
where 40U is the submatrix of A determined by rows indexed by [1 and columns indexed by L1, for []
=1, 00,0 01,00 =y, 0,0, OII +t . The vectors x1,[1,xm, relative to the basis {ex }, are expressed by
xU = [0On =1 xgPen,=1,1,m and X = (xab) .

‘D&s = [12=[12 13 0023

Proof. i)

n n

Lo, xem) = Ur(Ox, U,0xm ) = Or (OxotUeo,Hd,HxomCen)
=1 O=1

n t n t

=0 F(OxO OO0 4,0,0x0m OO00m /1)

O=10=10=10=1tn tn

=1 FOOxO0.000) 44,000 xO0md00d) 1)

O=10=1 [O=10=1n n

= DDDDDF(((DxDD1DDD)fD),D,((DxDDrDDD)ﬂZI) OOr7rt, OOIrm

0,0 O=1 O=1

n [l n [l

=000 0 dod-db: 000y dd-0d-000- ) OF (a0, 0, A0 r)
D,D O=01,00,0r O=1 O=1

aadas:

n D n [l

U Oo(Oxod Oo=)O(0xotrUotr) = O | Xol || AoP | it follows i).
O=0,0,0 O=1 O=1 O1 r

ii) It is a special case of i) for X = I.

The scalar det-,ol1 = L1, OCgU | AoU | will be called the (r,[1) -determinant of [, relative to the
bases
{eo},{fo}. f Uol =| AoD |, then L11,00 | AoU |2 will be denoted by det.[]1 or |1 I

O
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Theorem 3.6 Let [1:E [1 F and [1:F U G be linear mappings of vector spaces. Let [1r be a
determinant function in
F. If x1,1,xm are vectors in E , then
OO0 G, O, xm ) = OO0 OO (e, L, xm )
Proof.
Hooo(ea,, xm) = Qe (OO Ga,L, xm)) = Oo(OGa,H,0xm)) = Do 0o, U, xm)
4. The (t,k)-forms
Let 17 be the tangent space of [ at the point p and let ([ )H be the dual space. Let [1% (L1, )= be
the linear space of the k-linear alternating maps [1:([17p )k (1] , then denote by [1k: (17, )Y, with k [
t [1 n , the set of all k-linear alternating maps [1: (L7, )t 101, The set [k (Ldn, )E, by the usual
operations of functions, is a linear
space. If [1;,00,00: belong to (0% )Y, then an element [0, | OO, OOk (O7 )Y s
obtained by setting

L1(v1) O Oi(vk
(O, O0000¢) (v, O,vk) = detk,oi(vj) = O O)
O@) t1 O O

Ot (vk)

where i =1,[1,t,j =1,01,k and v; L1[1".

Observe that [, DOy is k-linear and alternate.

Example 4.1 When U,,H, ,H3 belong to ([13p)5, an element [, L1 LI035 LI1023(03p )H is obtained
by the 2-swlin skewsymmetric map

L1(v1) L1(v2) Ui (v2
(D1 O0. O D3)(U1,U2) = detz,D Di(l)j) =[l» (U1) [k (Uz) Oiiq DDiilZ)
@) (wv11)) 1

3 1 = Ui (v2
(11,12 )UrI23,7 1 LI LI3(v2) 1<2 1)
12 2 2

and [, LJ[. 103 is a bilinear alternating map on the vectors v1,V-.

Let xi:[17 L1 be the function which assigns to each point of [ its it" -coordinate. Then (dx?) p is a
linear map in ([17)E and the set {(dx?) p;i =1,[.1,n} is the dual basis of the standard {(¢;) p}. The element
(dxi1) p OO (@t) p is denoted by (@it [I1[1[]d4xit) , and belongs to [1k:([n, )H.

Theorem 4.1 The set {(dxi t L1L1[dxit) 3, 74,01,i: LI is a basis for Uk (17 )Y . Proof. the elements
of {(dxi t L[ dxit) p} are linearly independent. In fact, suppose

i i
U ail,oit dxtOO0dxt=0
11, 0Ot
then, for any (ej,[1,e;) , with ji,[, jx[1Ix, it follows
1 k
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U ait,oit da OO 0Odxit (eji1 U ejk )
O,itOItn 11
1 1
dx1ej LUdx 1ej
1 k
= ain, O, it 1OOOO
i, LitLIIt ndxit e j1 | O0Odxitejk

1 (I
L1 O Ok
1 O O
] 1
=0 adi,0itojit  Ojtk
1,0, 0 I
1 t t
= U0, Ot
ari,l,rt ri,Cl,rt OItn )
r,O,r 1,01, jk
1 t
=0
LnO]
Without loss of generality, suppose 2,0, all equal, then the Hok Hoo
equations
1 t
]
n n
U orary,oee= o, ri,0,re LI(It ) j1,0, 5k, j1,00, jk I &, are a linear omogeneous full rank system, so it
has only the
1 t+trivial solution. That is 4% ,o,i= 0.
1 t

The set {(dxi t L1LI0 @t) ,} spans [k ([17 )2, in other words any L1104 ([17 )Y may be written
U= 0O ai,o,it dxi OO Odxit 11, L, 1 LI
11,0, it
in fact, if
U =0 Oen ,O,eit )dxr 0O dxa
11, eIt n
then [(ei,[,ei) =L(ei,,ei) for all i1,[1,i: L1, so [ =L1. Setting [(ei,[,ei) = ai,0;, it

1 t 1 t 1 t 1 t
follows the expression of 1. m
i i

The above proposition generalizes the known theorem about the basis {dx : L1L1[]dx ¥} of the space
LIk (Onp)0 | see [1].

Theorem 4.2 The linear spaces [1k: ([, )2 and Lk ([, )H coincide.

Proof. Let[= (. OO0 ) (vq, Lo ) Ok (K7 )H, then
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Oi(v) O Oi(wk)

L= L1 01 O O ,0p (U 0000k
U1, 0,1k 0 0 O )(v1,0,vk)

1,00, 0m Olik = 1 k

1 k k (v1) Oik (vk )i, 0, i

so L1100k (7, )2 . Conversely, let 0 be the null function in (L1 )Y, then any L1C100% (17, )E may be
written
as
O = (0. 0000 (v, O,oe) = (O, OO0 Do O 00) (vs,H,vk ) so LIE A (Cnyp )H.
If L1010 (O )B, then [ may be decomposed by elements of [k (L7 )Y, where k LIt [ L ¢,
in fact
Theorem 4.3 Let[ 1= (. OO OO ) (ve, o) A0 (Cny )B, then
0,0,
O= 1 taj OO OO0O0d; )(v, O, ok)

Uk Oj 00 1 t0j
tL1j Proof.

O= 0 (ita, 0,k e O] 1 (Oa O O0O0:01 ) (v, 0,0k )

-0 O O

0,0,

-+ 0O OOO0D00: )e,O0w)¢0nO0¢0k0j00e @
(0

O¢0

indeed [ is the sum of Llod x oo determinants, the last right side has the same number
tO@dj0d2) Ot O;j00¢t 05 010

tUOUe Uk Uy Oy 0ol rOdodod 4y dod
|
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