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1 Introduction

Fractional differential equations are
now recognized as an excellent source
of knowledge in modelling dynamical
processes in self similar and porous
structures, electrical networks,
probability and statistics, visco
elasticity, electro  chemistry of
corrosion, electro dynamics of complex
medium, polymer rheology, industrial
robotics, economics, biotechnology etc.
See the recent monograph [2, 11-14, 16,
23, 29] for theory and applications of
fractional  differential  equations.
Oscillatory solution plays an important
role in the quantitative and qualitative
theory of fractional differential
equations. There are several papers
dealing with oscillation of scalar
fractional ordinary differential
equations [3-5, 9, 24, 27-28]. However,
only a few results have appeared
regarding the oscillatory behavior of
scalar fractional partial differential equations, see [1, 18-22, 26] and the references cited there in.

In 1970, Domslak introduced the concept of H-oscillation to investigate the oscillation of solutions of
vector differential equations, where H is a unit vector in R*. We refer the articles [6-7] for vector
ordinary differential equations and [8, 15, 17, 25] for vector partial differential equations. To the present
time, there exists almost no literature on oscillation results for vector fractional ordinary differential
equations and vector fractional partial differential equations, particularly for vector fractional
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nonlinear partial differential equations. Motivated by this, we initiate the fractional order vector partial

differential equations for delay equations.
Formulation of the problems: The oscillatory theory of fractional differential equation was
introduced by
Grace et al [9]
Daax1 fi(t,x) = v(t) fo(t,x) lim JUax(t) = b,
tCab
where Dq? denotes the Riemann-Liouville differential operator of g , where 0 < g <1.
Chen [4] and Han et al [28] studied the oscillation of the fractional differential equation with Liouville
right sided fractional derivative of order [ of the following form
O O0B0 g fUBob(s UHBBy(s)dsUE = o, t > o, Bor(t) Doy (6o
] ] Ot O
] Uy(oR0O0 O p(o) fB0O00 (s pHBy(s)dsH = o, t>o. r(t)g(Do
O: O
Prakash et al. [18] and Sadhasivam and Kavitha [21] investigated the fractional partial differential
equation with Riemann-Liouville left sided definition on the half axis g of the form
OO O ] O OO O
r(t)Do,au(x,t) O glx,t) f O (¢t Qo) u(x,v)dvd = a(®)Ou(x,t), (x,t) OO0 Ro = G,

Ot Oo [
with the Neumann boundary condition
Ou(x,t)
=0, (HOOOO Ro.
ON
L] U Om ofjy be O
H m

p(Og(Do,ul,t) U qjGot) f;0 (¢Us) u(x,s)dsd = a(t)du(x,t) [l F(x,b),
(x,HOO00RDo = G,

Ot j=1 o O
subject to the boundary condition
Cu(x,b)
OOGeDulx,t) =o, ()OO0 Ro.

O
To the best of our knowledge, nothing is known regarding the H-oscillatory behavior for the following
class of vector fractional partial differential equations with forced term of the form
m
DBn,: Or(t) Do, Ulx, )= a(t)d U(x,t) O Oa: () UG, O (1)
i=1
kootd || ||
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0 .

O OpjGet) £ 00 (¢ O s)Ux, 0 (s)) dsU U, L; (1)
0] o]
J=1

O F(x,t), (x,nHG = OORO,

Ro = (o,1) , where [ is a bounded domain in R" with a piecewise smooth boundary [1[1,[1[1(0,1) is
a

constant, Dot is the Riemann-Liouville fractional derivative of order [ of u with respect to t, [1 is
the Laplacian

2

n n O u(x,t) ”

operator in the Euclidean n - space R (ie) Lu(x,t) = [J 2 and U(x,L]; " (s)) is the wusual Euclidean
norm in

r=1  xr

Rn .

Equation (1.1) is supplemented with the following boundary conditions
L U(x,b)
O0OG,HUxt) =0, (o,)UOOORO, (1.2)

OO
where [ is the unit exterior normal vector to [1[] and [1(x,t) is positive continuous function on LI[1[]
Ro and
Ux,t)=0, nHOO0O0Ra. (1.3)
In what follows, we always assume without mentioning that
(A) r(OCE(Ro;RD),a(t),ai (t)UC(Ro;RO),1 =1,2,...m ;
(A=) O;,0:0OC(Ro;R), lim; (t) = limU; (t) = O,i =1,2,...m, j =1,2,....k ;
tad OO B
(A3) p;UC(G;R) and pj(t) = minxao p j(x,b), jJU Ik = U1,2,...,k[];
(A4) FUOC(G;RM), fu(x,t)=JC(G;R) and I fu (x,t)dx O o;
O
(A5) fiUC(Ro;R) are convex and non decreasing in R with ufj(u) > o for u [J 0 and there exist positive

fiw)

constants Yj such that L0 forall u U o, j Ulk. u

The study of H-oscillatory behavior of fractional partial differential equation is initiated in this paper.
Our approach is to reduce multi-dimensional problems for (1.1) to one dimensional oscillation
problems for scalar functional fractional differential inequalities. The purpose of this paper is to
establish some new H-oscillation criteria for equation (1.1) with (1.2) and equation (1.1) with (1.3) by
using a generalized Riccati technique and integral averaging method. Our results are essentially new.
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2 Preliminaries

In this section, we give the definitions of H-oscillation, fractional derivatives and integrals and some
notations which are useful throughout this paper. There are serveral kinds of definitions of fractional
derivatives and integrals. In this paper, we use the Riemann-Liouville left sided definition on the half-
axis Ro. The following notations will be used for the convenience.

wn (,8) =\UCe,t),H , fu Gb) =\Fxe,t),H

1 ] | ]
Vi@® = Ol ddy, where 0 = Odx.  (2.1)
Od d _ _
Definition: 2.1 By a solution of (1.1),(1.2) and (1.3) we mean a non trivial function _

zf(x,t)DC2D(G;R")|:|C2(G U[t" o, );RYOC(G O[~ toi,[);R") and satisfies (1.1) on G and the
boundary conditions
(1.2) and (1.3), where t"o: = minH o, min U inf [; (1) P20 | ~to: = min® o, min B inf 0 (H)BP 0
O.
Ll 10i00m OtOo o o 14 j0m OtOo L1
Definition: 2.2 Let H be a fixed unit vector in R". A solution U(x,t) of (1.1) is said to be H-oscillatory
in
G if the inner product <U(x,t),H> has a zero in [1[1(¢,[1J) for any t > 0 . Otherwise it is H-nonoscillatory.
Definition: 2.3 The Riemann-Liouville fractional partial derivative of order o <[1<1 with respect to t
ofa
function u(x,t) is given by

DBoau(x,t) := 0 1 ot (t Odv)PHu(x,v)dv, (2.2)

Ot daO0) o

provided the right hand side is pointwise defined on Rowhere [ is the gamma function.

Definition: 2.4 The Riemann-Liouville fractional integral of order [1 > 0 of a function y : Ro L1 R on
the half-axis R is given by

1 t 00

O

Ioy(t) := O (¢t o) y(v)dvfor t>o0, (2.3)

O@) o
provided the right hand side is pointwise defined on k.
Definition: 2.5 The Riemann-Liouville fractional derivative of order L1 > 0 of a function y : Ro L1 R
on the half-axis R is given by
DBoy(t) := ooo OIoBBO0Oy(@)  for t>o, (2.4)
dt
provided the right hand side is pointwise defined on o where [1[1[] is the ceiling
function of [1.
Lemma: 2.1 [11] Let y be solution of (1.1) and
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t (2.5) a0l
K(t):= 0 (t 4 s)UUy(s)ds for [1(0,1) and t> o. .
o where m is
Then a positive
KO(H) = O@OO)DPoy(t)for DO(0,1) and  t> o. (2.6) nteger.
3 H-

Lemma: 2.2 [10] If X and Y are nonnegative, then

mXYymti[] Xm[] (mO)ym, (2.7)
Oscillation of the problem (1.1),(1.2)

We begin with the following Lemma.
Lemma: 3.1 Assume that (4:) [1(A5) hold. Let H be a fixed unit vector in R" and U(x,t) be a solution
of (1.1) . (DIf um (x,t) is eventually positive, then g (x,t) satisfies the scalar fractional partial inequality
m
DB, Or(t)DPo,un (x,t) IO a(t) Oua (x,t) B Oai () Duw (x,2i (1))
1=1
k O+« 0o O
O0p;0 00 @ ds)  un(xUj(s)dsOun (6,05 (1) O fa (x,0). (3.1)
Jj=1 Lo [
(i)If ug (x,t) is eventually negative, then ug (x,t) satisfies the scalar fractional partial inequality
m
DBn,: Or(t)DPo,am (x,t) A0 a(t) Huw () B Oai () Ouw (x,Ei (1))

=1
k t Ll
] OO
O0p; 00 @ ds)  un(x,Uj(s)dsUun (e, (D) U fa(x,t). (3.2)
Jj=1 Lo [

Proof. Let un (x,t) be eventually positive. Taking the inner product of (1.1) and H, we get
m

DOo, Or()Do2AU),H O= a@®OUG0,H 00w @®O ) Ue,O:i(0),H

1=1
kKt O ] | | ) o )
O

U0Op () f; 00 (e U s) Ulx,j(s)) dsUd Ulx, Ui (8),H U F(x,t),H,
Jj=1 Lo [
that is,
m

DB, Or(t)DPo,aun (x,t) = a(t) Huw (x,t) © Oai (0) Ouw (x,5i (1))
=1
k
O
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O0Op j (et) £ OOt O || || s)OU(x,Uj (s)) dsUd Oun (e, ;5 () fu (x,t). (3.3)
j=1 o[
By (A3), we have
Ot [O0OOd piGet) fi || O (t":l s)U(x,j(s)) dsUum (x,0; (1))
Ced
Ot [O0OOd

Op,;@®f;00 @ O s)Ux,Oj(s) dSFuH (e, 05 (1)),
0 o] |
since f;j [L1C(Ro,R), j =1,2...k, we have HIH (x,;(s)) O U(x,; (s))|, therefore
O¢ OO0 pi®fi || OO (¢ O s)U(x, [ (s)) dsOum (x,0; (1)
O e
Ot 0O0O O

Op;@f00@¢0s) un(xOj(s)dsOun (x,00;(1), j =1,2,....k. (3.4)

Oeo O
Using (3.4) in (3.3), we get

m
DPo,: Or(t)DPo,un (x,t) OO a(t) Oua (x,t) B Oai () Ous (x,2i (1))
1=1
k t O
O Od
OOp;(0 00 @ ds)  um(e,U;j(s))dsOun (x,; (1) O fa (x,1).
[Jo Dj=1

Similarly, let “g (x,t) be eventually negative, we easily obtain (3.2). The proof is complete.
The inner products of (1.2),(1.3) with H yield the following boundary conditions.
u 260 OO0 Dua (x,t) =0, (,p)OOORO, (1.2)d

O

un (x,t) =0, (x,)JOOORO. (1.3)d
Lemma: 3.2 Assume that (A:) [1(A5) hold. Let H be a fixed unit vector in R". If the scalar fractional
partial inequality (3.1) has no eventually positive solutions and the scalar fractional partial inequality
(3.2) has no eventually negative solutions satisfying the boundary conditions (1.2)J or (1.3)[1, then
every solution U(x,t) of the problem (1.1),(1.2) or (1.1),(1.3) is H-oscillatory in G. Proof. Suppose to the
contrary that there is a H-nonoscillatory solution U(x,t) of (1.1),(1.2) or (1.1),(1.3) in G, then un (x,t) is
eventually positive or un (x,t) is eventually negative. If un (x,t) is eventually positive, then by Lemma 3.1
ug (x,t) satisfies the boundry condition (1.2)[1 or (1.3)] . This contradicts the hypothesis. The similar
proof follows when g (x,t)is eventually negative. Theorem: 3.1 Assume that (A4:) [1(A5) and (A¢)
min ;o O (o) 0O=00) O t.
K
(A7) un (x,t) L L hold . If the fractional differential inequality
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DBo Or()DEoVe (OO LOp (b fj(Ke () O o, (3.5) k
j=1 j=1
has no eventually positive solutions and the fractional differential inequality has no
K eventually
DoROr(HDoVE (HOO LOp; (O £ (K #(H) O o, (3.6) ‘esative
solutions,

then every solution U(x,t) of (1.1) and (1.2) is H-oscillatory in G .

Proof. Suppose to the contrary that there exists a solution U(x,t) of (1.1) , (1.2) which is not a H-
oscillatory in G . Without loss of genearality, we may assume that vz (x,t) > 0 in L1[1[%,[1) for some %
> 0. Integrating (3.1) with respect to x over [ 1, we obtain

m

U DEo Or()DPous () Udx U a(d) ] Ous (,t)dx U Oa: (00 Ouw (x,0: (8))dx

] ] ]

=1
]
k

~.

t oo o

OOp; (U £ 00 (¢ O s) um (,U; (s))dsOum (2,5 (0))dx U O fu (x,t)dx, t U to. (3.7)
Jj=1 OOo L] L]

Using Green’s formula and boundary condition (1.2)[] yield that

Cu (x,t)

U Dua(xt)dx=0 H dS = U0 O@,ua(x,)dS O o, tUto (3.8)

O o0 OO 0Og
and
O Oua (x,0:())dx = O Ou #&60i®) dS = OO0 O(x,H)un (o, (1))dS O o,

O OO OO 0Od
1=1,2,..m,t to. (3.9)
By using Jensen’s inequality (46 ),(4;) and (2.1) , we get
¢y OO O
Of00¢0s) um(eUi(s))dsOun (x,0; (8)dx
OOo O
U Lf; UoOO OoOoOOoet (t U s)2Bum (x,;(s))dsE Lodxoo LY
O Lf; 000t O s) OO0 O uH (x,0j (s))dxOOdsd O
Oo OO B O
O LO dxf; OO0t O s) OO0 OO uH (x,0j (s))dx( dx) 1 OOdsO O
O Oo OO O O O

Ot OO 0O

OLOdxf ;00 @ 0s)  Va(Uj(s)dsU
0 Oo 0O

O LO dxf (Ku (1)) t 0O to. (3.10)
0
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Also by (44) ,
U fa(odx o, (3.11)
O
In view of (2.1), (3.8)-(3.11), (3.7) yield
k
DBp Or()DEoVe (OO LOp j(0) fi(Ke () do.  (3.12)
j=1
Therefore, Vu (t) is an eventually positive solution of (3.5). This contradicts the hypothesis. The case
where un (x,t) < 0 in [1[[%,[1) can be treated similarly and we are also getting a contradiction. The
proof is now complete. Theorem: 3.2 Suppose that the conditions (4:) [1(4;)and
EI | Ll
Oto OB ws OUods =0 (3.13)

Thold
Futhermore, assume that there exists a positive function C1CICH((0,[1);Ro) such that
OO0 ~ Ok ~rj(s)E ~r (s)O0O~ O(s~)O2 O Ods = O, (3.14) limsup CILO(S O;

oo O, 820 =1 400@0O0HOs) o

where []j are defined as in (As) . Then every solution of U(x,t) of the problem (1.1),(1.2) is H-oscillatory
inG.

Proof. Suppose to the contrary that there exists a solution Ul(x,t) of the problem (1.1),(1.2) which is not
Hoscillatory in G . Without loss of generality we may assume that g (x,t) > 0 in [1[[%,[]) for some %
>0.

That is, Vu (t) is an eventually positive solution of (3.5). Then there exists t: [ to such that Vu (t) > o
and Ku (t) > o for t [ t.. Therefore, it follows from (3.5) that

DB Ur(DBoVe(UDO OLOp (0 fi(Ka(@®) <o for  t0[t,0).  (3.15) ¢ Suppose
j=1
Thus DEoVH(t) [ o or DEoVu (1) < o,t L1 t: for some 4 [ t,. We now claim that gODt’DV thg;
H
pOLVy(t) O o, for tUt. (316) <« o and

there exists t. [1[t:,[]) such that D2oVu(t2) < 0. Since r(t)D2oVu (t) is strictly decreasing on [%,[1). It
is clear that
r()PPoVu (t) < r(t2)P2oV(t.) := O,
where ¢ > 0 is a constant for t [1[t»,[1). Therefore from (2.6), we have
Kull (t) O O Oe
=DoVe(®)<OOr@ OO O  for t0O[t,0).

ooy 0O
Then, we get
U1 OKe0 (D)
Ot 6 0oo OO et for tU[t,0).
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Integrating the above inequality from t. to t , we have
tJ10 K®OOK (t)
O

O OO0 r(s) dOds O O HeQOOH) 2
<KH (t2) for tU[t2,[).

cl1(11) Letting t L101 , we get
ds 0 002 OOFr(1s) OOFoceKOGH (Ot20)) < 0O.to
This contradicts (3.13). Hence DEoVgu (t) [ o for t L[t,[]) holds. Define the function W(t) by the
generalized Riccati substitution
r(t)DEUVH (t) for t0O[H,0). (3.17)
wi(t) =L

Ku(t)
Then we have W(t) > o for t L[t:,[]). From (2.6),(2.7), (3.5)and (45 ) it follows that
DOOW() = O@) pOOOr)DOOVH (OO pOO OO O@) OOr@)DOOVH (1)

Ku(t) OKu (O
O O0®LOk p;(6) £ (KH () O OKH (HpOO0® OO@DOO KH () Or()DOCVH (1)

KH (t) ood KH2 (t) ood
Jj=1
k 0o o

O OLO@UO p; () O D HOOW(t) L POUKEO W(t). (3.18)

Jj=1 () KH (1)
Let W(t) = W~(L),l(®) =U~ (1), pj () = ~p;(L),Ku (t) = K- (L) .
Then DEoW(t) =wW-LI(L), DEolU(t) =0~ (L) . Then the above inequality becomes k ~ ~
~ ~ O ~pj (OO O~O(HW~(HO K~HO (CHw~ (O)
w(O) O OO Oy

0O(0) K (0O)

Jj=1 H

U OLO~(M)gk=10 ~p ;()EEE~-~OtEHw~EHU U ~O)~rw~(12) () . (3.19);
(@ (@

OOy ~ 1 ()~ | _ /—
Taking m=2,X= ~(O~r(@wld),y=22 UOULOHO~(C) OO, (3.20)
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~ ~ J=1 4
wl() O droiod; p (@ der - . (3.21)

OaOoHocs)

Integrating both sides of the above inequality from [1; to [1, we obtain OO OLO~(s)Uk L ~pj
(s)d1~r(s)d0~ O(~s)d2 O0ds OW~(OnOw~(O) < W~ ().
J
10 j=1 4 U0UOHOEO O
OO
Taking the limit supremum of both sides of the above inequality as [1L1[1, we get
limsupUOOOLO0~(s) Uk O ~pj () 1 ~r(s)d0~ O(~s)U2 ds < W~ (1) < U,
J
Ooo Oo,Bd j=1 4 00@O0)O(s)Po
which contradicts (3.14) and completes the proof.
Theorem: 3.3 Suppose that the conditions (4:) [1(4;) and (3.13) hold. Futhermore, suppose that there
exists a positive function [1[1C2((0,1);R0) and a function PL1C(D,R) where D := U(t,s):t L s U tol]
such that
1. P(t,t) = o for t O to,
2. P(t,s) > o for (t,s)[1Do, where Do := [1(t,s):t > s L1 to[] and P has a continuous and non-positive
CP(t,s)
partial derivative Ps[1(t,s) = on Dy with respect to the second variable and satisfies [ls
limsup 1 LOp(O,s) OOLO~(s) Uk O ~pj (s)Ud 1r~(s)AU~ O(~s)2 L0ds =
O, (3.22)

J

oot p(O,B)o o j= 4 O00@OO)Os)Po

1

where []; are defined as in Theorem 3.2. Then all the solutions of U(x,t) of the problem (1.1),(1.2) is H-
oscillatory in G . Proof. Suppose that U(x,t) is H-nonoscillatory solution of (1.1),(1.2) . Without loss of
generality we may assume that “m (x,t) is an eventually positive solution . Then Vu (t) is an eventually
positive solution of (3.5). Then proceeding as in the proof of Theorem 3.2, to get (3.21)

w~0OO) O OLd~(HOk O; ~pj (0O) O 1 r~(0HOO~ O(O~)2

j=1 4 OO

multiplying the previous inequality by P([],s) and integrating from [, to [ for L1CI[[1,,[]) , we obtain
UOp(O,s) OOLO0~(s) Uk O ~pj (s)d 1~ (s)D~U(~s)H2 O0ds O OO P(H,s)W~(s)I 0 U
LOPsLI(L,s)W~ (s)ds j

] ] j=1 4 0@UOOHOEHnO 11
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1 [

~ O ~ ~
O p(O,00wW (M) O PsLI(O,s) W(s)ds < P(L1,L)W(y).
O
1
[ Therefore 1 LP(O,s)OLO~(s) Ok Lj ~pj (s)U 1 ~r (s) IO~ L(~s)2 Lds < W~
(O1) < O,

;(D,DI)D OO j= 4 O0@OOHOs) OO

which is a contradiction to (3.22).The proof is complete.

Corollary 3.1 Assume that the conditions of Theorem 3.3 hold with (3.22) replaced by
] k

1 [l ~ O~pj(s)ds=01, limsup P(O,s)LO(s) Oy

OO0 P(O,000 j=1
1
O

1 ~r(s)000~ O(s)2
limsup Op(O,s) ~ ds < [,

oo P(O,0)0 OOmHE(s)
1
then every solution Ul(x,t) of (1.1),(1.2) is H-oscillatory in G. Next, we consider the case
01
] ds < L, (3.23)

to r(s)

which yields that (3.13) does not hold. In this case, we have the following result.

Theorem: 3.4 Suppose that the conditions (4:) [1(4,) and (3.23) hold and that there exists a positive
function LILICH((0,L0);R0) such that (3.14) holds. Futhermore, assume that for every constant L7
1o, where

Ur=max s, 40

OO0 « O O

000 ~r () 000 ~pj(s)dsO0du = 0. (3.24)
Or o0  j=10r alm
O
~ OO~
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Then every solution of Vg (1) of (3.5) is H-oscillatory or satisfies lim L1111 s[1 Vu (s)ds = 0. Proof.

Suppose
oo
o that U(x,t) is H-nonoscillatory solution of (1.1),(1.2) . Without loss of generality we may assume that
ug (x,t) is an eventually positive solution . Then Vx (t) is an eventually positive solution of (3.5). Then
proceeding as in the proof Theorem 3.2, there are two cases for the sign of DHoVy (t) . The proof when
DBnoVH (t) is eventually positive is similar to that of Theorem 3.2 and hence is omitted. Next, assume
that DUoVH (t) is eventually negative. Then there exists
t3 L1 t » such that DUoVE(t) < o for t L1 t3.From (2.6), we get
KOy (t) = J@OO)DEaVE(D) < o, for tUOts.
Then Ky (1) = DO O) Ve (O) < o for L. Thus we get lim Kz (L1):= M. [ o0 and Ku (1) O
M. We claim that
oo
M, = 0. Assume not, that is, M1 > o then from (45 ) , we get
k
DBo Or()DEoVe (OO OLOp (1) f 0K ()
Jj=1
k
U OLMv:O0ip (o, for  t O[ts,0).
j=1
Let r() = - (0),Va(t) = V-u (D), p;i (1) = ~p,; (D) .
Then DEoVy(t) = V-gU1 (1),DBo Lr()DPoVe (H U= O-r(L) V-1 (LHOO .
Using these values, the above inequality becomes
L~r(CHV-xg0 (HOE O OLM.ok Oj ~p j (L), for LL[O3,[0). Integrating both sides of the last
inequality from 13 to [, we have

Jj=1

odad ~ OO 10k OO~pj(s)ds
~r(s)VHU (s) ds U LJLM Uy

(I3 j=103

k 0Ok O
- (D)V-r0 (O) O r(d3)V-u0 (03) O LM:OO; 0 -pj(s)ds O Ok O LM OO, 0 ~p j(s)ds
j=103  j=193

k O
k O K~O OLM OO0 ~pj(s)ds
~p (s)ds.

Odovdyj g Hence from (2.6), we get H ([1) =V~HLUI (1) I j=1~r(CH O .

j=1 [3 O@Onm
3 Ol
U0jo-~pj(s)ds
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~ [1j=103
Integrating the last inequality from Y, to [, we get Ku (1) [0 Ky (L) OGO C)LM: O 4 ~r (1)
du.

a

~ ~

Letting L1101, from (3.24), we get lim Ky (1) = [10L1. This contradicts Kz ([1) > 0. Therefore we have
M, = 0, that

OO

~ O OO ~ is, lim Ky () = 0. That is, lim [ (COOs) Va(s)ds = 0 . Hence the proof.

OO OO0 o

4 H-Oscillation of the problem (1.1),(1.3)

In this section we establish sufficient conditions for the oscillation of all solutions of (1.1),(1.3). For this
we need the following:The smallest eigen value [lo of the Dirichlet problem. L1L(x)IOC(x) = o
in U, O(x) =0 on 10, is positive and the corresponding eigen function [1(x) is
positive in [1.
Theorem: 4.1 Let all the conditions of Theorem 3.2 and 3.3 be hold. Then every solution of U(x,t) of
(1.1) and (1.3) H-oscillates in G . Proof. Suppose that U(x,t) is a H-nonoscillatory solution of (1.1) and
(1.3) . Without loss of generality we may assume that v (x,t) > 0, in U[[%,[1) for some % > o.
Multiplying both sides of the Equation (3.1) by L1(x) > 0 and then integrating with respect to x over[l.,

m
we obtain for ¢t [ &, [ DHo Or(t)DPova (e, 0L L (o) dx O a(PU] Cua () (x)dx B e (00 ey (Ui

(M) o)dx

O O O

1=1

O

k t o O

U0p ;00 £ 00 (O s) un (o, Uj (s))dsUun (2,5 () () dx O O fu (,t) I () dx. (4.1)
OOo O O
Jj=1
Using Green’s formula and boundary condition (1.3)[1 it follows that
O Ouna e, 00)dx = O un Ge,t) D0 G)dx = O 0o O un (x,t) (x)dx O o, t 1t (4.2)
O O O
and
O Oua (e, i ()00 dx = O um (e, i (1) O () dx = Lo O um (x, i () (x)dx U o,
O O O
tOt,i=12,..m. (4.3)
By using and Jensen’s inequality, (46) and (4;) we get O /000 (r O s)BBuy (x,H; (s)ds
ug (6,5 (D)) (x)dx
OOo O
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(t0Os) [ U Lfy OOOO0dodOo(t O s)U0uH (x5 (s))U()dsOO0Odx L0

O Lfj 00000t OO0O0O0O0uH (x,0j (s))O(x)axO00ds0 OO

O

O O0O¢ U000 um (x, 5 (s)) ) dx(C H(x)dx)Pr BOdsEO. Set
OLOMdxf;0 (tOs) ]

O Oo OO O O O

L1

Va(t) = O ur (G,)J)dxEPO0O00)dxE0,  t 0t (4.4)
O OO0doO: OO 0O
Therefore, L1 f; L1L1 (¢t O s) un (x,j (s))dsUug (x, 5 (1)) O (o)dx O LOO () dxf; (Ka (b)) , t O &,

J Ulm. (4.5)
OOo O O
By (45) , O/u (x,) d(x)dx O o. (4.6)
O
k

In view of (4.4), (4.2)-(4.6), (4.1) yields DUo Or()DEo Ve (OO LOp () £ (Ka (1) O o, 4.7)
j=1 for t L1 t.. Rest of the proof is similar to that of Theorems 3.2 and 3.3, and hence the details are
omitted.

Corollary 4.1 If the inequality (4.7) has no eventually positive solutions, then every solution U(x,t) of
(1.1) and (1.3) is H-oscillatory in G .

Corollary 4.2 Let the conditions of Corollary 3.1 hold; then every solution U(x,t) of (1.1) and (1.3) is
Hoscillatory in G .

Theorem: 4.2 Let the conditions of Theorem 3.4 hold; Then every solution Vu ([1) of (4.7) is H-
oscillatory

O

U0 ~ or satisfies lim 1L sL VE(s)ds = 0. The proofs of Corollaries 4.1 and 4.2 and Theorems 4.2
are similar to that of in

OO

0

Section 3 and hence the details are omitted.

5 Examples

In this section we give an example to illustrate the results established in Sections 3. Example 1.
Consider the vector fractional partial differential equation

O O

DU13,t L0t 23 BU13,tUGxe,y8E = 1+ 230U, ) o O 2843103 ¢32 L1 BLOUe,t L1L)
OO0 Od 4 OO0 O@? 4 OO

O 3
O« Od

1

0
0 DD‘t[”]t 0 s0 3 UH0x,s O BE0 dsOIO0 UnOBx,t O U2 gB0 O F(x,t), (5.1)
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V3 .0 =20 O
(x,pdG , where G = (0,1)d(o,)d(0,[1) , with the boundary condition
U000 wi(o,t) OO O = u(Q,r) = OO Huu((OO,,:) OO0 = OO0 oo O IO, tdo.
(5.2)
U(o,t) =
Uue, (0,0)d O
a1 1 2
RN
Here [1=1,m=1,k=1,n=2,r(t) =t, pi(x,t) =1,a(t) =t, a:(t)=
=0> ’ o

o[ 213 [0 34t 3 ,001(8) =01,01(£)

3 \/5 4 oo L0 Ol

g0
27 3 1 [ sinxcost U
D\/g 1.2 U
Fout) :E (1I:I(§)) I
0@C)" 3/3 2 O
'_3_ MY 3 D
O t O4d
] o[ 2 ] L1
and f1(u) = u . It is easy to see that p:(t) = XD[O,U]Tg DTg minxoo p1(x,t) = min
_ 1
10 —Zgl—te’sin xcost and
Let H = e: = loo[oo, we observe that fe: ‘/E(El(g))z (x,t) =
O
(x,t)dx = . 401,
x/§(u(§))2 O fetcost
L1
a 37
O o, Ot0O.
2 2

~

Take [1:=1,[1:=1,1(s) = s. It is clear that conditions (4:) [J(4,) and (3.13) hold. Therefore,
O O

OOOOL  ~( ~p1(s)d ~r 70

as OO0, O s)01 3 2

(s)0O~O(s~)U2 O0ds =000 0Ls 1 0O Ods 00

w =

] 400OHOsO O™
OO O 10 400)s O
1

] 3 ]
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Thus all the conditions of Theorem 3.2 are satisfied. Hence, it follows that every solution U(x,t) of

(5.1),(5.2)is e1-

[sin xsin t[]

oscillatory in G. Infact U(x,t) =/f1ol] 3 [oo, is one such solution of the problem (5.1) and (5.2). We
note that the

[loL] above solution U(x,t) is not e= [1 oscillatory in G, where e- = L1ol] :[loo.
Acknowledgement: The authors thank Prof.E. Thandapani for his support to complete the paper.
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